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Twisted modules and quasi-modules for vertex operator
algebras
Haisheng Li
To James Lepowsky and Robert Wilson with admiration and appreciation.
Abstract. We use a result of Barron, Dong and Mason to give a natural
isomorphism between the category of twisted modules and the category of
quasi-modules of a certain type for a general vertex operator algebra.
1. Introduction
In the theory of vertex operator algebras, for a vertex operator algebra V , in
addition to the notion of V -module one has the notion of σ-twisted V -module where
σ is a finite order automorphism of V . For a V -module W , each element v ∈ V is
represented by a vertex operator
YW (v, x) ∈ Hom(W,W ((x))) ⊂ (EndW )[[x, x−1]],
where these vertex operators are mutually local in the sense that for u, v ∈ V , there
exists a nonnegative integer k such that
(x1 − x2)k[YW (u, x1), YW (v, x2)] = 0.
Twisted modules were first introduced and used by Frenkel, Lepowsky and Meur-
man in their construction of the moonshine module vertex operator algebra V ♮ (see
[L1], [FLM]). Let V be a vertex operator algebra and let σ be an automorphism
of order N . For a σ-twisted V -module W ([L1], [FLM], [FFR], [D]), each element
v of V is represented by a twisted vertex operator
YW (v, x) ∈ Hom(W,W ((x1/N ))) ⊂ (EndW )[[x1/N , x−1/N ]],
where these twisted vertex operators are also mutually local.
In a recent work [Li3], to associate certain (infinite-dimensional) Lie algebras
with vertex algebras, we studied what we called quasi local vertex operators (cf.
[GKK]). Let W be any vector space. A subset S of Hom(W,W ((x))) is said to
be quasi local if for any a(x), b(x) ∈ S there exists a nonzero polynomial p(x1, x2)
such that
p(x1, x2)a(x1)b(x2) = p(x1, x2)b(x2)a(x1).
1991 Mathematics Subject Classification. Primary 17B69, 17B68; Secondary 81T40.
Key words and phrases. Vertex algebra, twisted module, quasi-module.
The author was supported in part by an NSA Grant.
1
2 HAISHENG LI
It was proved therein that any maximal quasi local subspace has a natural vertex
algebra structure and any quasi local subset generates a vertex algebra. This par-
ticular result generalizes the main result of [Li1], which states that for any vector
space W , any set of mutually local vertex operators on W generates a vertex alge-
bra with W as a natural module. However, the space W under the natural action
is not a module for vertex algebras generated by quasi local vertex operators on
W , though a certain weaker version of Jacobi identity was proved to hold. This
motivated us to introduce a new notion of quasi module for a vertex algebra. For
a quasi module W for a vertex algebra V , each element v of V is represented by a
vertex operator
YW (v, x) ∈ Hom(W,W ((x))) ⊂ (EndW )[[x, x−1]]
and the vertex operators YW (v, x) for v ∈ V form a quasi local subspace.
On twisted modules for vertex operator algebras there is a conceptual work
[BDM], in which for any vertex operator algebra V and for any positive integer k,
a canonical isomorphism was established between the category of V -modules and
the category of twisted modules for the tensor product vertex operator algebra V ⊗k
with respect to permutation automorphisms. In [BDM], a central role was played
by the geometric change-of-coordinate x = zk. It has been known ([Z], [H1-3],
cf. [L2]) that for any vertex operator algebra V and for any f(z) ∈ zC[[z]] with
f ′(0) 6= 0, the change-of-coordinate x = f(z) gives rise to a “new” vertex operator
algebra structure on V , which was proved to be isomorphic to V . A special change-
of-coordinate played a very important role in the study of modular invariance of
graded characters ([Z], [DLM2]).
It has been well known (cf. [FZ]) that (untwisted) affine Lie algebras together
with their highest weight modules can be naturally associated with vertex operator
algebras and their modules. Furthermore, twisted affine Lie algebras together with
their highest weight modules (see [K]) can be associated with twisted modules for
those vertex operator algebras (cf. [FLM], [Li2]). On the other hand, it was
proved in [Li3] that twisted affine Lie algebras, which are represented in a different
form, together with their highest weight modules, can be naturally associated with
quasi-modules for the vertex operator algebras associated with the untwisted affine
Lie algebras. This suggests that there exist a natural connection between twisted
modules and quasi modules for a general vertex operator algebra.
The main purpose of this paper is to give a natural connection between twisted
modules and quasi-modules for a general vertex operator algebra. Indeed, the
goal has been achieved by using [BDM], thanks to Barron, Dong and Mason for
their beautiful work. What we have proved is that the same change-of-coordinates,
used by Barron, Dong and Mason, give rise to a natural isomorphism between the
category of twisted modules and the category of quasi-modules of a certain special
type.
We thank Yi-Zhi and Kailash for organizing this great conference, in honor of
Professors James Lepowsky and Robert Wilson. I am very grateful for having Jim
and Robert as teachers and as friends as well.
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2. Twisted modules and quasi-modules
We here present the main result, a natural isomorphism between the category
of twisted modules and the category of quasi-modules of a certain type for a general
vertex operator algebra.
First, we recall the definitions of the notions of twisted module and quasi-
module. Let V =
∐
n∈Z V(n) be a vertex operator algebra, fixed throughout this
section. For the definition and basic properties we refer to [FLM] and [FHL]. Let
σ be an automorphism of V of order N (a positive integer). Then V =
∐N−1
j=0 V
j ,
where V j = {u ∈ V | σ(u) = ωjNu} and ωN = exp(2pi
√−1/N), the principal
primitive N -th root of unity.
A weak σ-twisted V -module (cf. [L1], [FLM], [FFR], [D], [DLM1]) is a vector
space W equipped with a linear map
YW : V → Hom(W,W ((x 1N ))) ⊂ (EndW )[[x 1N , x− 1N ]]
v → YW (v, x)(2.1)
such that
YW (1, x) = 1W (the identity operator on W ),
and for u, v ∈ V ,
x−10 δ
(
x1 − x2
x0
)
YW (u, x1)YW (v, x2)− x−10 δ
(
x2 − x1
−x0
)
YW (v, x2)YW (u, x1)
=
1
N
N−1∑
r=0
x−11 δ
(
ωrN
(
x2 + x0
x1
) 1
N
)
YW (Y (σ
ru, x0)v, x2)(2.2)
(the twisted Jacobi identity). Note that as a convention, for α ∈ R, the expressions
(x1 ± x2)α are understood as the formal series in the nonnegative integral powers
of the second variable x2. That is,
(x1 ± x2)α =
∑
i∈N
(
α
i
)
(±1)ixα−i1 xi2 ∈ xα1R[x−11 ][[x2]].
If u ∈ V j with 0 ≤ j ≤ N − 1, the twisted Jacobi identity becomes
x−10 δ
(
x1 − x2
x0
)
YW (u, x1)YW (v, x2)− x−10 δ
(
x2 − x1
−x0
)
YW (v, x2)YW (u, x1)
= x−11 δ
(
x2 + x0
x1
)(
x2 + x0
x1
)− jN
YW (Y (u, x0)v, x2).(2.3)
By taking v = 1, one obtains
YW (u, x) ∈ x
j
NHom(W,W ((x))).(2.4)
This particular property amounts to
YW (σu, x) = lim
x1/N→ωNx1/N
YW (u, x).(2.5)
Remark 2.1. Note that the above defined notion of σ-twisted V -module, which
is the one defined in [DLM2] and [BDM], corresponds to the notion of σ−1-twisted
V -module in [DLM1].
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The twisted Jacobi identity is equivalent to the following weak commutativity
and associativity ([DL], [Li2]): For u, v ∈ V , there exists a nonnegative integer k
such that
(x1 − x2)k[YW (u, x1), YW (v, x2)] = 0,(2.6)
and for u ∈ V j , v ∈ V, w ∈W , 0 ≤ j ≤ N − 1, there exists a nonnegative integer l
such that
(x0 + x2)
l−j/NYW (u, x0 + x2)YW (v, x2)w(2.7)
= (x2 + x0)
l−j/NYW (Y (u, x0)v, x2)w.
From now on we fix an automorphism σ of order N for the fixed vertex operator
algebra V . Set
G = 〈σ〉 ⊂ Aut(V ) (the full automorphism group of V ).(2.8)
Let φ : G → C× be the (injective) group homomorphism defined by φ(σj) = ωjN
for j = 0, . . . , N − 1.
A quasi V -module [Li3] is a vector space W equipped with a linear map
YW : V → Hom(W,W ((x))) ⊂ (EndW )[[x, x−1]],
v → YW (v, x)
such that
YW (1, x) = 1W ,
and for u, v ∈ V , there exists a nonzero polynomial p(x1, x2) such that
x−10 δ
(
x1 − x2
x0
)
p(x1, x2)YW (u, x1)YW (v, x2)
−x−10 δ
(
x2 − x1
−x0
)
p(x1, x2)YW (v, x2)YW (u, x1)
= x−12 δ
(
x1 − x0
x2
)
p(x1, x2)YW (Y (u, x0)v, x2)(2.9)
(the quasi Jacobi identity).
Definition 2.2. A quasi V -module (W,YW ) is called a (G,φ)-quasi V -module
if for any u, v ∈ V , there exists a nonnegative integer k such that (2.9) holds with
p(x1, x2) = (x
N
1 − xN2 )k and such that
YW (φ(g)
−L(0)g(u), x) = YW (u, φ(g)x) for g ∈ G, u ∈ V.(2.10)
Follow [BDM] to define an ∈ C for n ∈ Z+ by
exp

− ∑
n∈Z+
anx
n+1 d
dx

 · x = 1
N
(1 + x)N − 1
N
,(2.11)
where Z+ denotes the set of positive integers, and then set
∆N (x) = exp

∑
n∈Z+
anx
−n/NL(n)

N−L(0)x(1/N−1)L(0),(2.12)
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an invertible element of (End V )[[x1/N , x−1/N ]]. We have
∆N (x
N )−1 = (NxN−1)L(0) exp

− ∑
n∈Z+
anx
−nL(n)

 .(2.13)
As in [BDM] we shall also heavily use the expression ∆N (x
N )−1. For convenience
we set
Φ(x) = ∆N (x
N )−1 ∈ Hom(V, V [x, x−1]).(2.14)
The following result was proved in [BDM]:
Proposition 2.3. For any u ∈ V , we have
∆N (x)Y (u, x0)∆N (x)
−1 = Y (∆N (x+ x0)u, (x+ x0)
1/N − x1/N )(2.15)
in (End V )[[x±10 , x
± 1N ]], and
Φ(x)Y (u, x0) = Y (Φ(x+ x0)u, (x+ x0)
N − xN )Φ(x)(2.16)
in (End V )[[x±10 , x
±1]].
Remark 2.4. Recall from [BDM] the interpretation of the formal variable
notations in Proposition 2.3. First, for any nonzero α ∈ 1NZ, under the convention
we have
(x+ x0)
α − xα =
∑
i∈Z+
(
α
i
)
xα−ixi0 = x
α−1x0(α + x0f),
where f =
∑
i≥2
(
α
i
)
x1−ixi−20 ∈ R[x−1][[x0]]. For n ∈ Z, it is understood that
((x+ x0)
α − xα)n = xn(α−1)xn0
∑
i∈N
(
n
i
)
αn−ixi0f
i ∈ xnαxn0R[x, x−1][[x0]].
Then for u, v ∈ V , we have
Y (u, (x+ x0)
α − xα)v =
∑
m∈Z
umv ((x+ x0)
α − xα)−m−1 ∈ V [x±1/N ]((x0)).
This explains the formal variable notations in Proposition 2.3. As we shall mention
in the following Remark, we shall also use another (different) substitution. For this
purpose, we also write
Y (u, z)|z=(x+x0)α−xα,x>>x0
for this particularly defined expression Y (u, (x + x0)
α − xα). It was showed in
[BDM], page 363, that for h, α ∈ 1NZ,
(xα2 + z0)
h|z0=(x2+x0)α−xα2 ,x2>>x0 = (x2 + x0)αh.(2.17)
Warning: The following expansion
(z − xα)n|z=(x+x0)α =
∑
i∈N
(−1)i
(
n
i
)
(x + x0)
α(n−i)xαi
=
∑
i∈N
∑
j∈N
(−1)i
(
n
i
)(
(n− i)α
j
)
xnα−jxj0
is an infinite divergent sum if n < 0.
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Remark 2.5. We shall need a different substitution z = (x + x0)
N − xN for
rational powers zα, α ∈ 1NZ. Let p(x0, x) = xk0 + xq(x0, x), where k is a positive
integer and q(x0, x) is a polynomial. We consider the following expansion
p(x0, x)
α = (xk0 + xq(x0, x))
α =
∑
i∈N
(
α
i
)
x
k(α−i)
0 x
iq(x0, x)
i ∈ R[x0, x−10 ][[x]],
and we use the notation
zα|z=p(x0,x),x0>>x
for this particular expansion. That is,
zα|z=p(x0,x),x0>>x = (xk0 + y)α|y=xq(x0,x)
under the usual convention. In particular, for p(x0, x) = x0 + x we have
zα|z=x0+x,x0>>x = (x0 + x)α.
For any h(x0, x) ∈ R[x0, x] we have
zα|z=p(x0,x)+xh(x0,x),x0>>x
=
∑
i∈N
(
α
i
)
x
k(α−i)
0 (xq(x0, x) + xh(x0, x))
i
=
∑
i,j∈N
(
α
i
)(
i
j
)
x
k(α−i)
0 (xq(x0 + x))
i−j(xh(x0, x))
j
=
∑
r,j∈N
(
α
r + j
)(
r + j
j
)
x
k(α−r−j)
0 (xq(x0 + x))
r(xh(x0, x))
j
=
∑
r∈N
∑
j∈N
(
α
j
)(
α− j
r
)
x
k(α−r−j)
0 (xq(x0 + x))
r(xh(x0, x))
j
=
∑
j∈N
(
α
j
)
zα−j0 |z0=p(x0,x),x0>>x(xh(x0, x))j
= (z0 + xh(x0, x))
α|z0=p(x0,x),x0>>x.(2.18)
Using this and (2.17) we get
(z0 + x
N )α|z0=(x0+x)N−xN ,x0>>x = zα|z=(x0+x)N ,x0>>x
= (xN0 + y)
α|y=(x0+x)N−xN0 ,x0>>x
= (x0 + x)
Nα.(2.19)
We shall need the following simple result:
Lemma 2.6. For any α ∈ C×,
Φ(x)α−L(0) = α−NL(0)Φ(αx),(2.20)
αL(0)∆N (x) = lim
x1/N→αx1/N
∆N (x)α
NL(0)(2.21)
hold in Hom(V, V [x, x−1]) and in Hom(V, V [x
1
N , x−
1
N ]), respectively.
Proof. We shall just prove the first identity, as the second will follow easily.
Since [L(0), L(n)] = −nL(n) for n ∈ Z, it follows that
αL(0)L(n)α−L(0) = α−nL(n).
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Thus
αL(0)

∑
n∈Z+
anx
−nL(n)

α−L(0) = ∑
n∈Z+
α−nanx
−nL(n)
=
∑
n∈Z+
an(αx)
−nL(n).
Using this we obtain
Φ(x)α−L(0) = (NxN−1)L(0)α−L(0)αL(0) exp

− ∑
n∈Z+
anx
−nL(n)

α−L(0)
= α−NL(0)(N(αx)N−1)L(0) exp

− ∑
n∈Z+
an(αx)
−nL(n)


= α−NL(0)Φ(αx),
proving the assertion. 
The following is the first half of our main result of this paper:
Theorem 2.7. Let (W,YW ) be a weak σ-twisted V -module. For u ∈ V , as in
[BDM] set
Y˜W (u, x) = YW (Φ(x)u, x
N ) ∈ (End W )[[x, x−1]].(2.22)
Then (W, Y˜W ) carries the structure of a (G,φ)-quasi V -module.
Proof. First, for u ∈ V , as Φ(x)u ∈ V [x, x−1], we have
Y˜W (u, x) ∈ Hom(W,W ((x))).
Second, we have
Y˜W (1, x) = YW (1, x
N ) = 1W ,
as Φ(x)1 = 1, which is due to the fact that L(n)1 = 0 for n ≥ 0.
Third, from Lemma 2.6, for any N -th root of unity α, we have
Φ(x)α−L(0) = Φ(αx).
For g ∈ G, u ∈ V , we have
Y˜W (φ(g)
−L(0)g(u), x) = YW (Φ(x)φ(g)
−L(0)g(u), xN )
= YW (Φ(φ(g)x)g(u), x
N )
= lim
z→φ(g)x
YW (Φ(φ(g)x)u, z
N )
= Y˜W (u, φ(g)x),
noticing that gΦ(x) = Φ(x)g.
Now it remains to prove the quasi Jacobi identity. Let u, v ∈ V . Since
Φ(x)u, Φ(x)v ∈ V [x, x−1], there exists a nonnegative integer k such that
zkY (Φ(x1)u, z)Φ(x2)v ∈ V [x±11 , x±12 , z].(2.23)
Then
(z1 − z2)k[YW (Φ(x1)u, z1), YW (Φ(x2)v, z2)] = 0,
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which yields
(xN1 − xN2 )k[Y˜W (u, x1), Y˜W (v, x2)] = 0.(2.24)
Let r be a nonnegative integer such that xrΦ(x)u ∈ V [x]. Then
(x0 + x2)
rΦ(x0 + x2)u = (x2 + x0)
rΦ(x2 + x0)u ∈ V [x0, x2].
Furthermore, let w ∈W . In view of Remark 2.5, we have
(x0 + x2)
rY˜W (u, x0 + x2)Y˜W (v, x2)w
= (x0 + x2)
rYW (Φ(x0 + x2)u, (x0 + x2)
N )YW (Φ(x2)v, x
N
2 )w
=
(
(x0 + x2)
rYW (Φ(x0 + x2)u, z0 + x
N
2 )YW (Φ(x2)v, x
N
2 )w
)
|z0=(x0+x2)N−xN2 ,x0>>x2
and
(x2 + x0)
rY˜W (Y (u, x0)v, x2)w
= (x2 + x0)
rYW (Φ(x2)Y (u, x0)v, x
N
2 )w
= (x2 + x0)
rYW
(
Y (Φ(x2 + x0)u, (x2 + x0)
N − xN2 )Φ(x2)v, xN2
)
w
=
(
(x2 + x0)
rYW
(
Y (Φ(x2 + x0)u, z0)Φ(x2)v, x
N
2
)
w
) |z0=(x2+x0)N−xN2 ,x2>>x0 ,
using (2.16).
Assume u ∈ V j with 0 ≤ j ≤ N − 1. There exists a positive integer l such that
(z0 + x
N
2 )
l− jN YW ((x0 + x2)
rΦ(x0 + x2)u, z0 + x
N
2 )YW (Φ(x2)v, x
N
2 )w
= (xN2 + z0)
l− jN YW (Y ((x0 + x2)
rΦ(x0 + x2)u, z0)Φ(x2)v, x
N
2 )w,
which gives
zk0 (z0 + x
N
2 )
l− jN YW ((x0 + x2)
rΦ(x0 + x2)u, z0 + x
N
2 )YW (Φ(x2)v, x
N
2 )w(2.25)
= zk0 (x
N
2 + z0)
l− jN YW (Y ((x0 + x2)
rΦ(x0 + x2)u, z0)Φ(x2)v, x
N
2 )w,
where k is the nonnegative integer as in (2.23). Now, we shall perform the substitu-
tion z0 = (x2 + x0)
N − xN2 , x0 >> x2 on both sides. Notice that the expression on
the right-hand side involves nonnegative integral powers of z0 only, so that the sub-
stitutions z0 = (x2+x0)
N−xN2 , x0 >> x2 and z0 = (x2+x0)N−xN2 , x2 >> x0 agree
on the right-hand side. Performing the substitution z0 = (x2+x0)
N−xN2 , x0 >> x2
on both sides and using Remark 2.5, we obtain
(x0 + x2)
r+Nl−j((x0 + x2)
N − xN2 )k ·
·YW (Φ(x0 + x2)u, (x0 + x2)N )YW (Φ(x2)v, xN2 )w
=
(
(x2 + x0)
r(xN2 + z0)
l− jN zk0YW
(
Y (Φ(x2 + x0)u, z0)Φ(x2)v, x
N
2
)
w
)
|z0=(x2+x0)N−xN2 ,x0>>x2
=
(
(x2 + x0)
r(xN2 + z0)
l− jN zk0YW
(
Y (Φ(x2 + x0)u, z0)Φ(x2)v, x
N
2
)
w
)
|z0=(x2+x0)N−xN2 ,x2>>x0
= (x2 + x0)
r+Nl−j
(
(x2 + x0)
N − xN2
)k
Y˜W (Y (u, x0)v, x2)w.
Thus
(x0 + x2)
r+Nl−j((x0 + x2)
N − xN2 )kY˜W (u, x0 + x2)Y˜W (v, x2)w(2.26)
= (x0 + x2)
r+Nl−j((x0 + x2)
N − xN2 )kY˜W (Y (u, x0)v, x2)w.
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Combining (2.24) and (2.26) we obtain the following quasi Jacobi identity
x−10 δ
(
x1 − x2
x0
)
(xN1 − xN2 )kY˜W (u, x1)Y˜W (v, x2)w
−x−10 δ
(
x2 − x1
−x0
)
(xN1 − xN2 )kY˜W (v, x2)Y˜W (u, x1)w
= x−12 δ
(
x1 − x0
x2
)
(xN1 − xN2 )kY˜W (Y (u, x0)v, x2)w.(2.27)
Therefore, (W, Y˜W ) carries the structure of a (G,φ)-quasi V -module. 
Remark 2.8. Let (W,YW ) be any weak V -module. Then the same proof of
Theorem 2.7 shows that (W, Y˜W ) is a (G,φ)-quasi V -module.
Next we present the second half of our main result of this paper.
Theorem 2.9. Let (W,YW ) be a (G,φ)-quasi V -module. For u ∈ V , as in
[BDM] set
Y¯W (u, x) = YW (∆N (x)u, x
1
N ) ∈ (EndW )[[x 1N , x− 1N ]].(2.28)
Then (W, Y¯W ) carries the structure of a weak σ-twisted V -module.
Proof. For convenience, let us simply use ∆(x) for ∆N (x) in the proof. First,
for u ∈ V , as ∆(x)u ∈ V [x1/N , x−1/N ], we have
Y¯W (u, x) = YW (∆(x)u, x
1
N ) ∈ Hom(W,W ((x 1N ))).
Second,
Y¯W (1, x) = YW (∆(x)1, x
1
N ) = YW (1, x
1
N ) = 1W .
Third, for u ∈ V , as φ(σ) = ωN , we have YW (ω−L(0)N σ(u), x) = YW (u, ωNx). Using
Lemma 2.6, we get
Y¯W (σ(u), x) = YW (∆(x)σ(u), x
1
N )
= YW (ω
−L(0)
N σω
L(0)
N ∆(x)u, x
1
N )
= lim
z
1
N→ωNx
1
N
YW (ω
L(0)
N ∆(x)u, z
1
N )
= lim
x
1
N→ωNx
1
N
YW (∆(x)u, x
1
N )
= lim
x
1
N→ωNx
1
N
Y¯W (u, x).(2.29)
Next, we prove the weak commutativity and the weak associativity, which amount
to the twisted Jacobi identity. Let u, v ∈ V . As ∆(x)u, ∆(x)v ∈ V [x1/N , x−1/N ],
from the quasi Jacobi identity there exists a nonnegative integer k such that
z−10 δ
(
x
1/N
1 − x1/N2
z0
)
(x1 − x2)kY¯W (u, x1)Y¯W (v, x2)
−z−10 δ
(
x
1/N
2 − x1/N1
−z0
)
(x1 − x2)kY¯W (v, x2)Y¯W (u, x1)
= x
−1/N
1 δ
(
x
1/N
2 + z0
x
1/N
1
)
(x1 − x2)kYW (Y (∆(x1)u, z0)∆(x2)v, x1/N2 ).(2.30)
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It follows that there exists a nonnegative integer k′ ≥ k such that
(x1 − x2)k
′
[Y¯W (u, x1), Y¯W (v, x2)] = 0.(2.31)
Next, we establish the weak associativity. Let w ∈ W . Assume u ∈ V j for some
0 ≤ j ≤ N − 1, i.e., σ(u) = ωjNu. From (2.29), we have
x−j/N Y¯W (u, x) ∈ (EndW )[[x, x−1]].
Let l be a nonnegative integer such that
xl−j/N Y¯W (u, x)w ∈ W [[x]].
Using the commutation relation (2.31) we get
x
l−j/N
1 (x1 − x2)k
′
Y¯W (u, x1)Y¯W (v, x2)w ∈W [[x1, x1/N2 ]][x−1/N2 ].(2.32)
With (2.31), from (2.30) we get
x
−1/N
1 δ
(
x
1/N
2 + z0
x
1/N
1
)
(x1 − x2)k
′
YW (Y (∆(x1)u, z0)∆(x2)v, x
1/N
2 )w
=
(
z−10 δ
(
x
1/N
1 − x1/N2
z0
)
− z−10 δ
(
x
1/N
2 − x1/N1
−z0
))
·
(
(x1 − x2)k
′
Y¯W (u, x1)Y¯W (v, x2)w
)
= x
−1/N
1 δ
(
x
1/N
2 + z0
x
1/N
1
)(
(x1 − x2)k
′
Y¯W (u, x1)Y¯W (v, x2)w
)
.
In view of Remark 2.4, substituting z0 = (x2 + x0)
1/N − x1/N2 , x2 >> x0 we get
x
−1/N
1 δ
(
(x2 + x0)
1/N
x
1/N
1
)
·(x1 − x2)k
′
YW (Y (∆(x1)u, (x2 + x0)
1/N − x1/N2 )∆(x2)v, x1/N2 )w
= x
−1/N
1 δ
(
(x2 + x0)
1/N
x
1/N
1
)(
(x1 − x2)k
′
Y¯W (u, x1)Y¯W (v, x2)w
)
.(2.33)
For the expression on the left-hand side, using Proposition 2.3, we have
x
−1/N
1 δ
(
(x2 + x0)
1/N
x
1/N
1
)
x
l−j/N
1 (x1 − x2)k
′
·YW (Y (∆(x1)u, (x2 + x0)1/N − x1/N2 )∆(x2)v, x1/N2 )w
= x
−1/N
1 δ
(
(x2 + x0)
1/N
x
1/N
1
)
xk
′
0 (x2 + x0)
Nl−j
·YW (Y (∆(x2 + x0)u, (x2 + x0)1/N − x1/N2 )∆(x2)v, x1/N2 )w
= x
−1/N
1 δ
(
(x2 + x0)
1/N
x
1/N
1
)
xk
′
0 (x2 + x0)
Nl−jYW (∆(x2)Y (u, x0)v, x
1/N
2 )w
= x
−1/N
1 δ
(
(x2 + x0)
1/N
x
1/N
1
)
xk
′
0 (x2 + x0)
Nl−j Y¯W (Y (u, x0)v, x2)w.
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Then
x
−1/N
1 δ
(
(x2 + x0)
1/N
x
1/N
1
)
xk
′
0 (x2 + x0)
Nl−j Y¯W (Y (u, x0)v, x2)w
= x
−1/N
1 δ
(
(x2 + x0)
1/N
x
1/N
1
)(
x
l−j/N
1 (x1 − x2)k
′
Y¯W (u, x1)Y¯W (v, x2)w
)
|x1=x2+x0
= x
−1/N
1 δ
(
(x2 + x0)
1/N
x
1/N
1
)(
x
l−j/N
1 (x1 − x2)k
′
Y¯W (u, x1)Y¯W (v, x2)w
)
|x1=x0+x2
= x
−1/N
1 δ
(
(x2 + x0)
1/N
x
1/N
1
)(
(x0 + x2)
l−j/Nxk
′
0 Y¯W (u, x0 + x2)Y¯W (v, x2)w
)
.
Consequently, we have
(x0 + x2)
l−j/Nxk
′
0 Y¯W (u, x0 + x2)Y¯W (v, x2)w
= (x2 + x0)
l−j/Nxk
′
0 Y¯W (Y (u, x0)v, x2)w,
proving the weak associativity. Therefore, (W, Y¯W ) is a weak σ-twisted V -module.

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